This communication presents a new method to overcome some limitations in the simulation of the propagation of waves originating from a point source through a very long path in a turbulent medium. Existing propagation simulation algorithms suffer from either windowing or lack of resolution when applied to long paths. If Cartesian coordinates are used, the limited size of the numerical mesh originates undesired windowing errors in the long run. Casting the classical split-step Fourier algorithm in a spherically diverging coordinate system can solve this problem. In this way an angular mesh that adapts the source and the propagation algorithm to the geometry of the problem is used. But in long path propagation, this spherical divergent mesh causes a loss of resolution that can become a serious problem in the evaluation of the field statistical moments.
INTRODUCTION
The method of smooth perturbation or Rytov's theory correctly describes the effects of the atmospheric turbulence in the propagation of electromagnetic waves when the fluctuations of the logarithmic amplitude or log-amplitude are small'. These fluctuations can be considered small when the propagation paths are sufficiently short or the turbulence strength is very weak. Asymptotic contrasted theories that can predict the effects of the very strong atmospheric turbulence have also been developed and checked2. Between these two limit cases there is the strong-focusing peak region where a reliable analytical theory does not exist. In this turbulence range the simulation of the propagation of electromagnetic waves is the best tool for predicting how the index-of-refraction fluctuations will affect the propagation of the waves.
The first simulations of the propagation of spherical waves in three-dimensional random media used the central part of a Gaussian beam source in a Cartesian grid for simulating the point source3. Applying the Fourier split-step algorithm in such a Cartesian coordinate system limited its use to relative short paths due to the windowing effect over the field caused by the fixed numerical mesh. Casting the classical split-step Fourier algorithm in a spherically diverging coordinate system can solve the windowing problem but when long path propagations are simulated errors in the evaluation of the field statistical moments exist because of the lack of resolution in the sampled field.
In this paper we propose a new algorithm to overcome the windowing and loss of resolution problems making good use of the spherical split-step Fourier algorithm and performing repeated interpolations of the numerically propagated field before the mesh grows too large to accurately sample the field. When an interpolation is done the angular window is reduced to maintain the size of the matrices. In Section 2 we describe the simulation algorithm proposed for propagating the spherical waves in three-dimensional random media. In Section 3 some simulation results are compared with the theoretical available results in the weak turbulence range and some propagation experiments found in the literature are simulated to study the saturation performances of the simulation tool. Finally, in Section 4 we present our conclusions.
DESCRIPTION OF THE SIMULATION ALGORITHM

Treatment of the propagation equation
The numerical simulation of the propagation of waves in random media, like all the techniques studying the effects of the turbulence in the propagated waves, starts with the parabolic or Fresnel approximation of the Maxwell's wave equation1. Considering a spherically divergent coordinate system (r,O,) defined by x =rO,v = r, where r is the propagation distance and 8, << I . the parabolic wave equation can he given by V.E_2jk+2k2n1E=O J+ n]}r.ø. (2) r+Ar where AS, kjnidr' can be seen as the phase change introduced by the turbulence-induced inhomogeneity and given by cxp(-s,1) The use of the symmetrized split-step operator4 allows splitting the algorithm with second-order accuracy. The propagation of the field a distance Ar is decomposed in a vacuum propagation of distance A.r12 , an upgrading of the phase in accordance with the nonlinear medium changes and followed by a vacuum propagation of the resulting field over a distance Ar /2. After the first vacuum propagation introduced by the split-step operator, the half steps of propagation can be combined into single propagation steps resulting in a symmetrical algorithm. A random screen algorithm implements the turbulence-induced phase shift.
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In Fig. 1 , a scheme of the spherical divergent coordinate system algorithm is shown. First, as we commented before, the symmetry is introduced with a vacuum propagation from r = 0 to r = Ar/2. Next the phase change due to the integrated turbulence between r = 0 and r = Ar is applied. The algorithm follows applying consecutively vacuum propagation steps of distance Ar and phase changes in accordance with screens of thickness Ar, finishing with a vacuum propagation step of distance Ar/2. (5) that will be used for propagating the field from a phase screen to the following one.
The field can be considered as a band-limited random process and we can use the sampling theory to choose the appropriate grid spacing in order to get a discrete representation of the field without loss of information5. If The field in r +Lr is obtained applying (5) to the sampled field and performing the inverse Fourier transform with a FFT algorithm:
E(r+Ar,pO,q4)=IFFT{E(r+Ar,K0,K)}
2.1. Treatment of the atmospheric turbulence The propagation of a wave through a continuous random medium is the limit case of the propagation through a discrete series of random phase screens separated by free space. To properly approximate the continuous-medium propagation using a finite number of screens, the phase shift due to each screen must be weak. Decomposing the medium in several independent weak phase screens is equivalent to the Markov approximation', usually used in the analytical approaches to these problems.
The pass of a wave E(r,O,) through a thin screen introducing a phase change ES,7 in r = can be expressed as E(r,9,) = E(r,O,)exp(-jES) (8) The random medium defined by the thin screen between r = r0 -&-/2 and r = r0 +Er/2 can be described by The assumption that Lr >> L0 is equivalent to consider that there is no correlation between the turbulence in two successive phase screens (Markov approximation) and the correlation function of the index of refraction fluctuations has a impulsive dependence (Dirac's delta) with the propagation direction r 6,7
The generation of phase screens, considering a statistics defined by (1 1), is performed using Montecarlo techniques8. After the generation of pairs of sets of pseudo-random numbers in the frequency domain A(K0 , K) + jB(K9 , K) , with Gaussian distribution functions and plane power spectra (Gaussian white noise), they are filtered with the spectrum of the phase fluctuations I [ (12) Performing the inverse Fourier transform, two phase screens are obtained. The numbers of the numerical meshes are correlated between them with the desired statistics. Given the relationship (10) between the spectrum of the phase fluctuations and the spectrum of the index of refraction fluctuations, the final expression for the phase screen will be (13) where a von Kármán spectrum is considered for the index of refraction fluctuations, given by9 'Ian (K) = O.O33C,(K2 + K y'116exp(-2 /K,? ) (14) with C the constant of structure of the index of refraction, K0 = 21c/L0 , Km 5.92Il and L0 and l the outer and inner scales of the turbulence, respectively.
Source definition
A spherically divergent coordinate system allows to efficiently approximate the spherical wave in a finite numerical mesh. We use a supergaussian beam to confine the angular fields'°. In a spherical coordinates system a windowed spherical wave can be represented by a quasi plane intensity distribution given by
which is equivalent to consider an uniformly illuminated aperture with an angular diameter 2W, and with an apodization effect of its edges for narrowing the spectrum and reducing the aliasing.
Simulation of long-path spherical wave propagation
The simulation of the propagation of waves originating from a point source using spherical divergent coordinate systems can avoid the characteristic windowing errors of simulations in Cartesian coordinates. Using an angular mesh adapts the source and the propagation algorithm to the problem geometry. However, when a long-path propagation is simulated, this angular mesh causes a constant loss of spatial resolution that will produce serious errors in the estimated statistical moments of the propagated fields.
In this paper we propose a new simulation algorithm for solving this loss of resolution. The algorithm uses the spherical-coordinate system detailed before but performing repeated interpolations of the numerically propagated field before the mesh grows too large to accurately sample the field. Each time an interpolation is done the angular window is decreased to maintain the size of the matrices. This reduces the angular window, yet allows a sufficient size to work with comfortable Fresnel numbers to simulate the propagation until the next interpolation is performed. In this way the algorithm maintains the desired spatial resolution at the receiver plane. The angular resolution increase is performed following the scheme in Fig. 2 . The algorithm starts with the definition of the supergaussian beam at z= -f0 avoiding the point source singularity at the coordinate origin. It is necessary to consider an appropriate relationship between the beam width at 1/iJ and the mesh width (Li). It must be small enough to prevent spurious field entering through the edges, yet large enough to avoid aliasing in the transformed domain. Usually a ILi = 1 I3 gives good results. The desired spatial resolution (dx)at the receiver plane ( z = L21 ) for a fixed number of pixels in the numerical mesh (NxN) will set the spatial width of the final grid (U). This width will in turn determine the criterion for performing an interpolation when it is reached by the spherical-coordinates propagation algorithm (see Fig. 2 ). The initial width a of the supergaussian beam must be chosen so that the beam is sufficiently sampled with NxN points and that the Fresnel number Nconesponding to the propagation between z = -f and the first interpolation plane (Lz(1)) is large enough. A Fresnel number N1 = 10 gives rms errors of the vacuum propagated mean intensity less than iO.
The total number of propagation steps must be greater than 20. This will guarantee variances of the intensity fluctuations for every step less than the iO% of the total one6. This condition can be expressed as
where Ar is the step length, is the total propagation distance and is the variance of the intensity fluctuations computed following the Rytov's theory.
Between interpolations the spherical algorithm sketched before is applied using the symmetrical split-step operator.
To this it is necessary to start the simulation with a half vacuum-propagation step. Next, iterative phase changes (discontinuous arrows in Fig. 2 ) computed as (8) and vacuum propagations (continuous arrows in Fig. 2 ) are applied. Before interpolations are done a new half vacuum-propagation step is performed.
Each time the numerical mesh grows to the limit spatial width U the angular resolution is doubled by means of interpolations of the propagated field using the FFT algorithm. The interpolations are performed by a zero-padding in the transformed domain and performing inverse Fourier transform'1. The angular window is reduced at half the width for maintaining the size of the matrices.
COMPARISON WITH THEORETICAL AND EXPERIMENTAL RESULTS
To evaluate the simulation validity its results have been compared with the available theoretical predictions. Rytov's theory allows making sure of the good simulator behaviour in the weak turbulence range.
Simulations in the weak turbulence range have been performed for 17.5 and 35 km paths assuming a wavelength of 830 nm, and a uniform C2 yielding a theoretical log-amplitude variance r 3 x iO in both cases. For the 17.5 km path a c2=io18 m213, a final mesh width of 6 m, inner and outer scales of 9.4 cm and 6 m, and 3 interpolation were taken. For the 35 km path we took C2=2 x 1019 m213, the same final mesh width and turbulence scales as for the previous case, and 3 or4 interpolations. The variances estimated from the simulations were compared with the theoretical ones computed from the origin value (p = 0 ) ofthe spatial covariance function of the log-amplitude fluctuations given by
where is the power spectral density of the log-amplitude fluctuations expressed as,
fl)2 L 2/ry j where y = zlLzt and is the spectrum of the index of refraction fluctuations. We have considered a Von Kármán indexof-refraction spectrum to take into account the inner and outer scales of turbulence in the calculation of the theoretical variances.
Errors in the log-amplitude variance estimated from the simulations go down with the number of propagation steps. In Fig. 3 errors for different number of propagation steps can be seen. The simulations where performed using 128x128 grids. Error bars in the error curves correspond with the standard deviation obtained from several simulations.
For a 128x128 points grid and 48
propagation steps we obtained errors in the log-amplitude variances of about 8%. The errors fall with higher number of grid points passing to 6.25% for a 256x256 points and 5.6% for 512x512 points. less than 6 % for a 128x128 points grid and 48 propagation steps.
In Fig. 4 we present a typical estimate of the normalised spatial covariance matrices the errors amount to less than 3%
for a 256x256 grid and approximately 4 .5% for a 512x512 mesh.
The estimation of the coherence diameter or Fried's diameter (r0) requires a more critical selection of propagation parameter since it is necessary to have enough resolution to adequately resolve this length and a good averaging of r0. It can be summarised with the following conditions: r0>4 L/(N-1) and Lp30 r0, which for a given number of points of the numerical grid N, will fix the mesh width or the maximum outer scale of the simulation L0.
The coherence diameters estimated from the simulations are compared with the theoretical ones computed from the mutual coherence function M(p) as twice the value of p which makes M(p) =1 I e . The mutual coherence function can be expressed as
where D (p) is the wave structure function and C (P) and C (p) are respectively the spatial covariance functions of the log-amplitude and phase fluctuations.
In Fig. 5 we show simulated vs. theoretical coherence diameters. The simulations were performed with a 5 12x5 12 points numerical mesh and a propagation distance of 17.5 km. The error bars show the uncertainty due to the lack of spatial resolution.
We have also simulated some controlled experiments shown in the literature'2'3 in order to test the simulator behaviour in the saturation range. Specifically in this paper we show some results from the simulation of the Consortini et al's experiment in ref. 12 .
The real experiments were carried out using a 488 nm argon-ion laser with 400-500 mW power. The propagation length was 1 200 m and the intensity and the inner scale of the turbulence l were measured simultaneously. These simultaneous measurements allowed to separate the variances of irradiance for different inner scale ranges. Comparisons between the Consortini's experimental results and our simulations ones can be seen in Fig. 6, Fig. 7, and Fig. 8 The normalised spatial covariance functions obtained from these simulations with an inner scale l=6 cm and different turbulence strength (Fig. 10) show the typical saturation effect'4. As the strength of the turbulence increases, the covariance curves progressively fall off faster at spacings less than R = and have progressively higher tails than in the weak turbulence case. 
CONCLUSIONS
We have simulated the propagation of spherical waves from a point source through a three-dimensional random medium using a multiple phase screen technique. The use of a divergent spherical coordinate system has allowed solving the windowing of the beam characteristic of the cartesian algorithm. To overcome the loss of resolution in the sampled field occurring in long path propagation simulations we have proposed a new algorithm that performs repeated interpolations of the field with a zero-padding technique and reduces the angular window to maintain the size of the matrices.
We have compared the simulation results in the weak turbulence regime with the Rytov's theory estimates. In particular we have calculated errors in the estimated variances of the log-amplitude fluctuations, normalised spatial covariance functions and coherence diameters.
The saturation range behaviour of the simulator has been studied by comparing its results with the experiments carried out by Consortini et al'2. We have compared the variances of the irradiance fluctuations for different inner scales of the turbulence. We have also presented curves of the saturation of the log-amplitude variances and normalised spatial covariance functions for long path propagation simulations.
The comparison of the simulation results with experimental ones and with analytical theory predictions shows a very good agreement that confirms the good operation of the proposed algorithm (within the limits imposed by the matrix sizes).
